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Anomalous scaling of velocity and temperature structure functions
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Scaling-range power-law exponents of velocity and temperature structure functions are examined through
the dimensional analysis framework of the refined similarity hypotheses using measurements in a variety of
turbulent flows and Reynolds numbers. The resulting magnitude of the scaling exponent associated with the
locally averaged energy dissipation ratee r is always larger than 2/3, whereas the exponent for the locally
averaged temperature dissipation ratex r is always smaller than 2/3. While thee r exponent may be reconciled
with the exponent of the velocity structure function, the distributions of thex r and temperature structure
function exponents are inherently different.
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In turbulent flows, considerable attention has been
voted to determining the power-law exponentsza(n) of or-
der n associated with the structure functions^(da)n&, viz.,

^~da!n&;r za(n). ~1!

Herea represents any of the three velocity fluctuations (u,
v, and w) or the temperature fluctuationu, da[a(x1r )
2a(x) is the difference between the values ofa at two
locations separated by a distancer, and the angular bracket
denote time averaging. A major motivation for this has be
to establish if the scaling is anomalous, i.e., if the magnitu
of za(n) departs fromn/3, the value predicted by Kolmog
orov @1#, hereafter K41.

Determining za(n) is fraught with difficulties, one of
which is the identification of a suitable scaling range. Th
is increasing evidence to indicate that a scaling ra
which complies with K41 is unlikely to exist at Reynold
numbers usually encountered in laboratory experime
Even for the atmospheric surface layer, where the Tay
microscale Reynolds numberRl[^u2&1/2lu /n, (lu
[^u2&1/2/^(]u/]x)2&1/2) is typically of order 104, the local
derivatives of loĝ(du)2&, with respect to logr @2#, do not
exhibit plateaux. However, their rate of decrease is su
ciently small over a particular region ofr, such that the re-
gion may be identified with a scaling range and an aver
value ofzu can be estimated.

In this Rapid Communication, we consider data f
^(da)2& obtained in several flows and over a significa
range ofRl . One data set was obtained in the atmosphe
surface layer~ASL!. The laboratory flows included bot
shearless~decaying grid turbulence! and sheared flows~free
shear flows such as jets and wakes and wall bounded flo!.
In laboratory flows, fluctuations of temperature, treated a
passive scalar, were measured. The local derivatives
^(da)2& are compared with the K41 predictions forza and
also with those which take into account the intermittency
the energy dissipation rate and scalar dissipation rate fluc
tions, via the framework introduced by Kolmogorov@3# in
1962, hereafter K62. Whena5u, v, or w, the K62 phenom-
enology~see also@4#! gives

^~da* !2&5Ca^xa*
2&, ~2!
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with xa[(r e r)
1/3, wheree r is the energy dissipation rate, th

subscriptr denoting averaging over a scaler. Ca is a flow
dependent premultiplier, assumed independent ofr and e r .
Whena5u ~e.g.,@5#!,

^~du* !2&5Cu^xu*
2&, ~3!

with xu[(r 1/3e r
21/6x r

1/2), wherex r is the scalar dissipation
rate. An asterisk denotes normalization by the Kolmogo
length scaleh[n3/4/^e&1/4, Kolmogorov velocity scaleUK
[(n^e&)1/4, and/or Obukhov-Corrsin temperature scaleuK
[(^eu&h/UK)1/2. Using dimensional arguments similar t
those of@6#, we can also write

^@~du* !~du* !2#2/3&5Cuu^xuu*
2&, ~4!

with xuu[(rx r)
1/3. We consider here the dependencies

^xu*
2&, ^xu*

2&, and ^xuu*
2& on both Rl and flow type. The

behavior of these moments is compared with results fr
K41 and K62. Both K41 and K62 assume that the Reyno
number is very large and that isotropy applies for sca
which extend through to the upper end of the scaling ran
Complete information aboute andx is not usually available
in experiments, reliable statistics associated with these
quantities being more readily accessible via direct numer
simulation~DNS! and the large eddy simulation~LES! data
@7,8#, albeit only for moderate values ofRl .

Simultaneous measurements ofu andu were carried out
in four types of flow~cylinder wake, circular jet, rough wal
boundary layer, and grid turbulence! using hot- and cold-
wire anemometry. Onlyu and v were measured simulta
neously in the ASL. For the grid measurements, multip
wire probes were used. Measurements were made atx/M
530 (M is the mesh grid size! and theRl was 52. Details on
probe construction may be found in Refs.@9,10#. In all shear
flows, in which heat was introduced as a passive scalau
was measured with a single cold-wire~Pt-10% Rh wire, di-
ameter dw50.63 mm), etched to a nominal length,l w
'0.7 mm. These were operated in a constant-current~0.1
mA! anemometer circuit. Measurements in the wake o
heated circular cylinder @11# (Rl5230; diameter d
525.4 mm) were obtained on the axis centreline atx/d
570 using a single hot-wire (dw52.5 mm; l w'0.6 mm)
©2001 The American Physical Society01-1
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parallel with the cold-wire. A pair of parallel wires~single
hot-wire dw51.25 mm and l w50.26 mm) was also use
for measurements ofu and u on the centreline of a heate
circular jet (Rl5550, @12#! at x/D540 (D is the jet orifice
diameter!. For the rough-wall turbulent boundary layer (Rl

5390; @13#, comprising cylindrical rods aligned on a heat
wall transverse to the flow!, measurements were carried o
using an X-wire (dw51.25 mm, l w /dw.200) in combina-
tion with a cold-wire aty/d50.37; d is the boundary layer
thickness. The ASL data (Rl54250), acquired in an experi
ment over burnt grassland at a site near Deniliquin, N
South Wales,@14#, were stored on analog FM tapes and ha
been recently reanalyzed@15#. The data used here are from
height of 1.7 m above the ground in near-neutral conditio

Experimentally, approximations to the true~or full! values
of the dissipation ratese f[n/2(]ui /]xj1]uj /]xi)

2 and x f
[k(]u/]xi)

2 are usually made by assuming isotropy a
Taylor’s hypothesis, viz.,e iso[15n(]u/]x)2 and x iso
[3k(]u/]x)2. However, in grid turbulence,̂e f& and ^x f&
can be obtained relatively accurately from the streamw
decay rates of the turbulent kinetic energy^k2& and the tem-

FIG. 1. Distributions in grid turbulence of^xa*
2& and the local

slopesga and ja , using different approximations fore f and x f .
Lines:^xa*

2&, right ordinate. Symbols:ga , ja , left ordinate.̂ xu*
2&,

gu : — - —, ,, isotropic approximation toe f . - - -, h, e f approxi-
mated using Eq.~5!. —, s, 11-term approximation toe f . ^xu*

2&,
gu : – –,n, isotropic approximations toe f andx f . — - - —,�, e f

and x f approximated using Eqs.~5! and ~6! respectively.v, ju

obtained using ESS.x, ju obtained using ESS.

FIG. 2. Distributions of̂ e r*
2/3& in various flows and different

values ofRl . e approximated using isotropy.3, Grid; ,, cylinder
wake;n, rough wall turbulent boundary layer;s, circular jet;1,
ASL.
02530
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perature variancêu2&. These estimates were compared
@9# with the approximations

eap5nF6S ]u

]xD 2

13S ]u

]yD 2

12S ]v
]xD 2

12S ]u

]yD S ]v
]xD G ,

~5!

xap5kF S ]u

]xD 2

12S ]u

]yD 2G ~6!

using data obtained with a six-wire probe. An approximati
to e f , by measuring 11 of the 12 terms using a thre
component vorticity probe was also carried out; see R
@10#. Although the mean values ofeap andxap were in close
agreement witĥ e f& and ^x f&, this is not a particularly sen
sitive test for the approximations, since^e iso& and ^x iso&
were also in reasonable agreement with^e f& and^x f& in this
flow. Other statistics, for example the spectra ofeap and
xap , were almost identical to those ofe f andx f , in severe
contrast withe iso andx iso . It is therefore of interest to con
sider the effect different approximations have on the dis
butions of^xu*

2& and ^xu*
2&, and in particular on the distri-

butions of the scaling exponents

ga5
d~ log^xa*

2&!

d~ log r * !
~7!

for a5u and u; on the assumption that^xa*
2&;r * ga. The

symbolga is used to allow a distinction withza , the expo-
nent obtained directly from the structure function, viz.,

za5
d log^~da* !2&

d~ log r * !
. ~8!

Implicit in K62 is the notion that, statistically,du depends on
e r andCu is independent ofr ande r . Plateaus inga andza
would be consistent with the existence of a power-law
havior for ^(da)2& and a dependence of (du) on e r . If ga

FIG. 3. Scaling exponentsgu andzu . Lines:gu . Symbols:zu .
— - —, ,, cylinder wake; - - -, n, rough wall; – –,s, circular jet;
— - - —, 1, ASL.
1-2
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andza are equal over the samer segment, thenCu is inde-
pendent ofr ande r . A similar reasoning applies to Eqs.~3!
and ~4!.

The distributions of̂ xu*
2& ~Fig. 1! corresponding to the

different approximations toe f exhibit approximately the
same behavior~this is also true for̂ xuu*

2&, not shown!. The
effect onga is unmistakable. The differences ingu between
different approximations toe f are primarily confined tor *
,100. The differences are greater forgu , possibly due to
the influence of the correlation betweene r andx r on ^xu*

2&
~see@8#!. Relative to the exponents obtained witheap and
xap , those obtained withe iso and x iso depart further from
2/3. Also, for allr * , the distribution ofgu is more ‘‘anoma-
lous’’ than that forgu , especially when the isotropic ap
proximations are made. Regardless of the type of approxi
tion, there is an inflection point inga at r * '10, which
corresponds roughly with the transition between dissipa
and scaling ranges. For the present grid flow,Rl is too small
to expect a scaling range, i.e., a region wherezu is constant.
The extended-self similarity~ESS! method @16# provides
estimates of the scaling exponentsju and ju , relative
to ^uduu3& and ^uduu(du)2& respectively. Here, ju
5d log^(du* )2&/d log@^udu* u3&# and ju5d log^(du* )2&/
d log^udu* u(du* )2&. The latter exponents are in reasonable
cord with those inferred from̂xu*

2& and ^xu*
2&.

Although the departure from 2/3 forga , obtained from
Eq. ~7!, is overestimated whene iso andx iso are used~Fig. 1!,
it is nevertheless of interest to examine howga , estimated
using the isotropic approximations, depends on the flow
Rl , especially since the isotropic approximations are
pected to become more reliable asRl increases. Figure 2
contains distributions of̂e r*

2/3& obtained in different flows
and Rl . When r is sufficiently large, typically of orderL,
^e r*

2/3& must approach 1 sincêe r& approacheŝ e&. The
value ofr * at which this limit is reached must increase asL*
or Rl increases. Fig. 2 highlights the significant effectRl has
on ^e r*

2/3&.
For the flows considered in Figure 2, the correspond

distributions ofga and za , inferred from Eqs.~7! and ~8!
respectively, are shown in Figs. 3, 4, and 5 fora5u, u, and
uu. While the region for direct comparison can only b

FIG. 4. Scaling exponentsgu andzu . Lines:gu . Symbols:zu .
— - —, ,, cylinder wake; - - -, n, rough wall; – –,s, circular jet.
02530
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within the scaling range, the distribution ofgu always ex-
ceeds 2/3, whereas that forzu only exceeds 2/3 at sufficiently
high Rl . There is a systematicRl dependence ofzu , con-
sistent with the estimates obtained in other studies@17#. The
relatively good agreement ingu for different flows tends to
suggest that̂xu*

2& may only apply in the highRl limit. The
monotonic variation ofgu , between the inflection nearr *
.10 to the limit of about 2/3 at larger * suggests that, a
least whene f or x f are estimated via isotropy, there will no
be an unambiguous scaling exponent for^xu*

2&. Obviously, a
proper comparison betweenzu and gu requires an accurate
estimate ofe f .

As with Fig. 3, an unambiguous scaling range cannot
discerned in Fig. 4. Forr * *10, gu increases withr * , a
trend opposite to that ofzu and alsogu ~Fig. 3!; gu is un-
likely to exceed 2/3, whereaszu exceeds 2/3 only at suffi
ciently high Rl . The greater discrepancy ingu , relative to
gu , may be a consequence of the previously observed st
ger intermittency of the scalar field relative to the veloc
field.

The use of the mixed order structure functio
^@(du)(du)2#2/3&, Eq. ~4!, does not involve the correlation
^e rx r& so that the assumption of isotropy is required only
x r . The variation ofguu with r * ~Fig. 5! is similar to that of
gu . This agreement, implying support for the argume
which underpin Eqs.~2! and ~4!, reflects to some extent th
established analogy@11# between the predictions given b
K41 and@18#.

In summary, the main conclusion which emerges fro
Figs. 3 to 5 is that the distributions ofzu ~or zuu) andgu ~or
guu) may be reconcilable at sufficiently largeRl , whereas
those ofzu and gu exhibit inherently different trends with
respect tor * . It would seem that the dimensional argume
implicit in Eq. ~3! is not as well supported by our measur
ments than that in either Eq.~2! or Eq.~4!. Figure 1 suggests
that this inference is unlikely to be strongly affected by t
use of the isotropic approximations fore f andx f .

The support of the Australian Research Council is gra
fully acknowledged.

FIG. 5. Scaling exponentsguu and zuu . Lines: guu . Symbols:
zuu . — - —, ,, cylinder wake; - - -, n, rough wall; – –,s,
circular jet.
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